
NONSTATIONARY MAGNETOHYDRODYNAMIC COUETTE 

FLOW OF A CONDUCTING LIQUID AT A CONSTANT RATE 

S .  E .  K u z n e t s o v  

An a p p r o x i m a t e  so lu t ion  of the  p r o b l e m  is  p r e s e n t e d  f o r  the  c a s e  of l a m i n a r y  n o n s t a t i o n a r y  Coue t t e  
f low due to the  change  in the  a p p l i e d  m a g n e t i c  f i e ld  at  a c o n s t a n t  r a t e  of f low of a v i s c o u s  i n c o m p r e s s i b l e  
conduc t ing  l i qu id .  

We c o n s i d e r  the  n o n s t a t i o n a r y  f low of a v i s c o u s  i n c o m p r e s s i b l e  conduc t ing  l iqu id  be tw e e n  two p a r a l l e l  
f ia t  w a l l s ,  one of which  (x = 0) i s  an i n s u l a t o r  and m o v e s  wi th  c o n s t a n t  v e l o c i t y  V, and the o t h e r  (x = b) i s  a 
c o n d u c t o r  and at  r e s t  (F ig .  1). The  n o n s t a t i o n a r y  c h a r a c t e r  of the f low is  due to an ab rup t  change  in the 
va lue  of the  h o m o g e n e o u s  m a g n e t i c  f i e ld  ( turning on, t u r n i n g  off, o r  r e g u l a t i o n  of the  induc t ion  of the  m a g -  
ne t i c  f ie ld) ,  which  i s  p e r p e n d i c u l a r  to  bo th  w a l l s .  We a s s u m e  tha t  the  r a t e  of l i qu id  f low i s  m a i n t a i n e d  c o n -  
s t an t .  In th i s  c a s e ,  un l ike  in  [1], the  l ong i t ud ina l  p r e s s u r e  g r a d i e n t  i s  not  equa l  to  z e r o  and i s  a funct ion of 
the  t i m e .  

Unde r  t h e s e  cond i t i ons  and at  a s m a l l  m a g n e t i c  R e y n o l d s  n u m b e r ,  the  s y s t e m  of m a g n e t o h y d r o d y n a m -  
i c s  equa t ions  e a n b e  r e d u c e d  to  a s ing le  equa t ion  f o r  the  v e l o c i t y  of the  l iqu id  

Ov M ~ O~v 
= (1 )  

v=Tl.[p , M =bB V(:I~I 

H e r e  v i s  the  v e l o c i t y  of the l i qu id  f low, v i s  the  k i n e m a t i c  v i s c o s i t y  c oe f f i c i e n t ,  and M is  the  H a r t -  
m a n n  n u m b e r .  

I n t e g r a t i n g  Eq.  (1) o v e r  the  he igh t  of  the  channe l  and u s i n g  the  cond i t ion  tha t  the  f low r a t e  i s  cons t an t ,  
we obta in  

b b 
M 2 "v ff O~v = t ~' p (t) = - ~  ~vj- T %-- ~ v (2) dz, V I dx 

0 0 

H e r e  Vf  i s  the  a v e r a g e  v e l o c i t y  of  the  l iqu id  f low.  

E l i m i n a t i n g  the  funct ion  P( t )  wi th  the  a id  of  (2), we obta in  

8 

V 

b 

a,  M~. . ~ 0~, X-, (3) 
Ot - -  b ~ (V  I - v ) - - b - , ) ~ d x + v  Ox ~ 

o 

The b o u n d a r y  cond i t ions  fo r  Eq.  (3) a r e  

v = V ,  z = O , v = O ,  x = b  (4) 

The  i n i t i a l  cond i t ions  a r e  s p e c i f i e d  in the  f o r m  

M = M o ] V I = const 
F ig .  1 v = % (z, 0) f when t = 0. V = const (5) 
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We seek  the general  solut ion of (3) in the form 

v (x, t) = F (~) + ~ r (t) ~p~ (z) 
n~-.1 

Here the function F(x) corresponds  to the asymptot ic  value of the liquid f low rate .  

According to the Four ier  method,  the initial  equation (3) breaks  up into a s y s t e m  of three  differential  
equations 

b 
I d~F(x) d2F (x) M ~ M 2 Vl _ ~, 

dx ~ - -  ~ F (x) ~- ~ d x = 0  
o 

(6) 
0 n (t)  d t  ~ - -  an~ 

l d2~pn (x) i ~ d~r (x) 

o 

The e igenvalues  fln are determined here  from the fol lowing transcendental  equation: 

tg  1/2b ~ = l[2b V ~  (7) 

The solut ion of the f irs t  equation of the s y s t e m  (6), with al lowance for the boundary conditions (4), is  

Ikt - -  ch ~ - -  + sh ---g-- sh i (i - -  x / b) 

th ~#M - -  M V  1 / V 
H (M) = 2 t h  1/~i  - -  M (9) 

The general  solutions of the second and third equations of the s y s t e m  (6) are,  respec t ive ly ,  

(I) n (t) = C ~  exp ( - -  ~n2t), ~Pn[(x) ~--- C3n (1/2b V ~ n  s in  V ~  n x -~- cos V ~  ~ x - l )  (10 )  

Here C2n and C3n are arbitrary constants  determined from the initial condit ions (5) and the boundary 
condit ions (4). 

Thus,  the general  solut ion of the equation of mot ion of the liquid (3) is  

v ( x , t ) : V  H ( M )  t - - c h - ~ - - ~ s h ~ - - t h - - ~ -  ~ - -  ~ j ~- ~ ,  c n i ~ / ~ b V ~ n s m ] / ~ n x + c o s V - ~ n x - t l e x p ( - %  t) (11) 

To determine  the coef f ic ients  of  the s e r i e s  Cn, it i s  n e c e s s a r y  to es tabl i sh  the orthogonal i ty  of the 
e igenfunctions Cn(X), i .e . ,  to sat i s fy  the condition 

b 
y~Pn (x) ~p (z) dx = 0 when n --/: ra / / t  
o 

In t h i s  c a s e  t h i s  c o n d i t i o n  i s  s a t i s f i e d .  T h e n ,  u s i n g  the  i n i t i a l  c o n d i t i o n  for  the  v e l o c i t y  o f  the  l i q u i d  

{ ( Mox Mox Mo\ sh MoO--x/b) 
vo (x, 0) = V H (M0) l - -  ch ~ + sh ~ th - - ~ )  -b sh M0 J 

w e  o b t a i n  an e x p r e s s i o n  for  C n  in  the  f o r m  

V 
C n = --f" ~H (Mo) J1 - -  H (M) Y~ - -  .l'a - -  Ya',} (12) 

Here H(M) is  defined by (9), 

b ~ Mo~ (4 J - b ~ n  ) 2b~'~n M o ~  
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J~= M~+b~n [ 4]/'~r~ b - - -M- - th2 - / ' b  

b~n (M-- 2 th 1/~dl/) b~ n (M0 -- 2 th l[~Mo) 
J3 -- 2M (M ~ + ~nb 2) J '  = 2M0 (M0~ + ~b~) / (13) 

b 

o (0.75 ~- -~--  ~- 32 V ~  b (4 -- b~n) sin 2 V ~  b -- 4b V~nn sin V ~  

If the nonstat ionary liquid flow is due to turning on the magnetic field 
under the initial conditions 

=0, Mo=O, ( x , O ) = V { ( ~ - - -  ' 
vf  

then the coefficients of the ser ies  are given by 

V ~ b ~  n ~- 2 i b i V/ ]~-- ]a} (14) 

Here J is defined by (13) and H(M) by (9). 

The derived relations (11)-(14) were used to calculate the Couette flow. 
Figure 2 shows diagrams of the liquid velocity under s teady-s ta te  flow in 
ordinary hydrodynamics (dashed lines) and for  a magnetohydrodynamic s t ream 
with M = 10 (continuous lines) as functions of the dimensionless  coordinate 
x / b  = X. Curves 1, 2, 3, 4, and 5 cor respond to V f / V  = 2.0, 1.0, 0,5, and 0.2. 

We see that in the steady state, in the presence of a magnetic  field, the 
velocity gradient  of the liquid on the immobile wall of the channel increases  
relat ive to the usual hydrodynamic flow at all values of V f / V ,  whereas ,  on the 
moving wall, it can ei ther  increase  or decrease ,  depending on the ratio V f / V .  

Figure 3 shows diagrams of the liquid velocity at different instants of 
the nonstat ionary process  due to a sudden turning on of the magnetic field, for 
the case when V f / V  = 0, M 0 = 0, and M = 10. The dimensionless t ime of the 
t ransient  is assumed to be the quantity 0 = t ~ / b  2. Curves  1, 2, 3, and 4 c o r -  
respond to 0 = 0.0001, 0.005, and infinity at M 0 = 0. 

In conclusion, the author thanks A. I .  Khozhainov for help during the work. 
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